Let R > S be finite Frobenius rings for which there exists a trace map T : S R −→ S R. Let C f,S := {x → T (αx + βf (x)) : α, β ∈ R}. C f,S is an S-linear subringsubcode of a left linear code over R. We consider functions f for which the homogeneous weight distribution of C f,S can be computed. In particular, we give constructions of codes over integer modular rings and commutative local Frobenius that have small spectra.
Introduction
The homogeneous weight, introduced for integer residue rings in [8] and extended for arbitrary finite rings in [10] , has been studied extensively in the context of ring-linear coding. It can be viewed as a generalization of the Hamming weight; in fact it coincides with the Hamming weight when the underlying ring is a finite field and is the Lee weight when defined over Z 4 . Many of the classical results for codes over finite fields for the Hamming weight have corresponding homogeneous weight versions for codes over finite rings. The MacWilliams equivalence theorem holds for codes over finite Frobenius rings and quasi-Frobenius modules with respect to the homogeneous weight [10, 11] . Analogues of several classical bounds have been found for this weight function [3, 4, 12] . Combinatorial objects such as strongly regular graphs can be constructed from codes over finite Frobenius rings with exactly two nonzero homogeneous weights [2, 5, 16] . Although homogeneous weights exist on any finite ring, if the ring in question is Frobenius, these weight functions can be expressed in terms of a character sum [15] , a property we shall use here.
Let Tr : GF(q r ) −→ GF (q) be the usual trace map from GF (q r ) onto GF (q). Let f : GF(q r ) −→ GF (q r ) be an arbitrary map. A construction of a GF (q)-linear subspacesubcode is given by:
C f := {c f α,β : GF(q r ) −→ GF (q) : x → Tr(αx + βf (x)), α, β ∈ GF (q r )}.
This has arisen in the literature on perfect and almost perfect nonlinear functions (c.f. [1, 6, 20] ) and on cyclic codes (in which case f is a power map). In the case of an APN function on a field of even characteristic it is sometimes possible to determine the distinct weights or the weight distribution of the resulting code, or equivalently the Walsh spectrum of f . In [7] , perfect nonlinear maps were used to construct (in some cases optimal) codes for use in secret sharing schemes.
Here we consider the same code construction for codes over finite rings, specifically, some integer modular rings, Galois rings and local commutative Frobenius rings.
Preliminaries
We recall some properties of finite rings that meet our purposes. Further details can be read in [15, 17, 18, 19] . For a finite ring R, we denote byR := Hom Z (R, C × ), the group of additive characters of R.R is an R-R bi-module according to the relations
for all x, r ∈ R, χ ∈R. A character χ is called left (resp. right) generating if given any φ ∈R there is some r ∈ R satisfying φ = r χ (resp. φ = χ r ). The next result gives a characterization of finite Frobenius rings. Theorem 2.1 Let R be a finite ring. The following are equivalent.
(1) R is a Frobenius ring (2) Soc R R is left principal,
Then RR = R χ for some (left) generating character χ. It can be shown that any left generating character is also a right generating character.
Integer residue rings, finite chain rings, semi-simple rings, principal ideal rings, direct products of Frobenius rings, matrix rings over Frobenius rings, group rings over Frobenius rings are all examples of Frobenius rings. The results of this paper are restricted to the case where the code's alphabet is an integer modular ring or a local commutative Frobenius ring.
Let R be a finite commutative local Frobenius ring with unique maximal ideal M and residue field K = R/M of order q for some prime power q. Then M = Rad R and Soc R = R/M is simple. Moreover, Soc R is the annihilator of Rad R, which we write as Soc R = M ⊥ . R × contains a unique cyclic subgroup G of order |K × |. We call T := G ∪ {0} the Teichmuller set of R. Later, we will use that fact that each element a ∈ R can be expressed uniquely as a = a t + a m for some unique a t ∈ T , a m ∈ M. We define the map ν : R −→ T : a → a t .
If the local commutative ring R is the Galois ring GR(p n , r), of order p nr and characteristic p n , then each element a ∈ R can be expressed uniquely in the form a = a 0 + pa 1 + · · · + p n−1 a n−1 for some unique a i ∈ T .
For an arbitrary finite ring, the homogeneous weight is defined as follows [8, 10] . Example 2 On the ring Z pq , p, q prime, a homogeneous weight with average value γ = 1 is given by
Example 3 On a local Frobenius ring R with q-element residue field the weight
is a homogeneous weight of average value γ = 1.
A description of the homogeneous weight in terms of sums of generating characters is given by the following [15] . Theorem 2.3 Let R be a finite Frobenius ring with generating character χ. Then the homogeneous weights on R are precisely the functions
where γ is a real number.
Unless otherwise stated, we will set γ = 1 (the normalized homogeneous weight).
Characters and Trace Maps
Definition 3.1 Let R > S be Frobenius rings. An S-module epimorphism T : S R −→ S S whose kernel contains no non-trivial left ideal of R is called a trace map from R onto S.
Example 4 Recall that a finite Frobenius ring R has a generating character χ. Let R have characteristic m. Then we can implicitly define a trace map T from R onto its characteristic subring Z m by χ(x) = ω T (x) for all x, where ω is a primitive complex mth root of unity. This is the absolute trace map on R.
Given a trace map T : S R −→ S S, a generating character Φ ∈Ŝ determines a generating character χ ∈R by:
Example 5 Let S be a finite Frobenius ring and let R = M n (S). Then R is Frobenius and the usual trace map
is an epimorphism onto S whose kernel contains no non-trivial left ideal of R. A generating character Φ ∈Ŝ induces a generating character χ = tr • Φ ∈R.
be Galois rings of characteristic p n and orders p nsk , p ns , respectively. As in the case of a finite field, R has a cyclic automorphism group of order sk [19] . Each element a ∈ R has a canonical representation in the form a = n i=0 p i a i for some unique a i in the Teichmuller set of R. With respect to this expression,
generates Aut(R), and τ := σ s generates Aut(R : S), the group of S-automorphisms of R. The map
is a trace map from R onto S. Observe that as in the field case, T R/S (τ (a)) = T R/S (a) for any a ∈ R.
Then every element r ∈ R can be expressed uniquely in the form r = r 0 + θr 1 , where
This gives a trace map if and only if λ 1 ∈ Z × 4 , so there are exactly 8 distinct trace maps from R onto Z 4 . Each such map determines a generating character χ defined by χ λ (x) = ω T λ (x) for all x ∈ R. Note that Aut(R) is cyclic of order 2 generated by σ : r 0 + θr 1 → r 0 − θr 1 . It is easy to check that
Subring Subcodes
For the remainder, let R > S be finite Frobenius rings and assume there is a trace map T : S R −→ S S. Let Φ be a generating character of S and let χ := Φ • T . For any map f : R −→ R, we define the left S-linear subring subcode
For the case R = S, we write C f := C f,R . We extend the homogeneous weight on S to the module of functions from R to S by w(g) := x∈R w(g(x)) for an arbitrary map g : R −→ S. We thus compute the weight of each codeword as:
Definition 4.1 Let f : R −→ R. For each α, β ∈ R, we define the transform
The spectrum of f is defined to be the set
In keeping with the above, we write
Observe that if |Λ f,S | = k + 1 then C f,S has exactly k non-zero weights. Clearly,
In particular, if f is R-linear then C f,S is a one-weight code with constant non-zero weight |R|.
For a code C with distinct homogeneous weights W ⊂ Q we define the (homogeneous) weight enumerator of C by w∈W A w X w , where A w = |{c ∈ C : w(c) = w}| 2 .
Families of Codes with Few Weights
We now present some families of codes whose weight distributions can be computed.
Galois Rings
The class of functions discussed in the next theorem is a variant of the family of Frank sequences (c.f. [14] ) . Such sequences and their generalizations form a family of perfect sequences, having the property that their Fourier transforms have constant absolute value.
Theorem 5.1 R = GR(p 2 , r), S = GR(p 2 , s), p prime, for some positive integers r, s, k satisfying sk = r and k > 1. Let T denote the Teichmuller set of R, let q = p s and let π be a permutation of T that fixes 0. Write
Proof: Let α, β ∈ R. Then αx + βf (x) = αx 0 + p(α + βπ(x 0 ))x 1 , and so
where V = {t ∈ T : α + βπ(t) ∈ pR}.
For the case β ∈ pR, we have W f,S (α, β) = W f,S (α, 0), which takes the value zero if α = 0 and |R| otherwise. For arbitrary α, β ∈ R we have
where U 0 = {t ∈ T : T R/S (αt) = 0} and U 1 = {t ∈ T : T R/S (αt) ∈ pR}.
The result follows. 2
Corollary 8 Let C f,S be defined as in Theorem 5.1. Then C f,S has size q 3k , and weight enumerator
Proof: Since ker T R/S contains no non-trivial ideal, T R/S (αx + pβπ(x 0 )x 1 ) = 0 for all x ∈ R if and only if α = 0 and β ∈ pR. It follows that |C f | = q 3k . Moreover, given any α, α
We summarize these observations along with results of Theorem 5.1 in the table shown below, from which the statement of the theorem follows.
For the case R = S, the code corresponding to f : x → pπ(x 0 )x 1 is a two-weight code.
Corollary 9 Let f be defined as in Theorem 5.1. Then
and C f has weight enumerator
Proof: Let α, β ∈ R. Almost exactly as in the proof of Theorem 5.1 we have
where U 0 = {t ∈ T : αt = 0} and
Integer Modular Rings
Cyclic codes on finite fields have been well studied. It is surely well known and not hard to show the following.
is a two-weight code with Hamming weight enumerator
We compute the weight distribution of a family of cyclic codes C x d on Z 2p , which turn out to be two-weight codes.
and C x d has weight enumerator
Proof: The map x → αx + βx d is identically zero if and only if α = β ∈ pR. In particular, |C f | = 2p
2 and c
where X = {x ∈ R : αx + βx d = 0}, X 2 = {x ∈ R : αx + βx d ∈ 2R} and
distinct ℓth roots of unity in R × and hence
. The results are summarized below.
Given a two-weight code C with non-zero weights w 1 < w 2 , we form the graph G(C) = (V, E) by setting V = C and (x, y) ∈ E if and only if w(x − y) = w 1 . A linear code C, with alphabet a finite Frobenius ring R and generated by the k × n matrix Y = (y 1 , ..., y n ) over R is called modular if there is some r ∈ Q such that |{i : y i R = y j R}| = r|y j R × | for each j.
Theorem 5.4 (Honold [16] ) Let C be a modular linear code defined over a finite Frobenius ring with exactly two distinct non-zero weights. Then G(C) is a strongly regular graph.
In fact for the finite field case, Theorem 5.4 is easily deduced from [9, Th. 2]. We now show that the code C x d on Z p determines a strongly regular graph.
Then C x d determines a strongly regular graph.
Proof: To establish the modular property we must show that |{y ∈ Z × p : c
for all α, β ∈ Z p if and only if λ d−1 = 1. Then
Thus C ).
Remark 2 The codes C pπ(x 0 )x 1 ,Z p 2 and the codes C x d , defined on Z 2p , are never modular, so that Theorem 5.4 does not apply even though they are two-weight codes. Indeed in general the resulting graphs G(C pπ(x 0 )x 1 ,Z p 2 ) and G(C x d ) are disconnected.
Local Commutative Rings
For this construction, we assume the existence of σ ∈ Aut(R) such that χ•σ = χ on R.
For R a finite field, the function described in the next lemma is the map :
which is known to be perfect nonlinear on a field of odd characteristic, and almost perfect nonlinear on a field of even characteristic.
Lemma 5.5 Let σ ∈ Aut(R) satisfy χ(σ(x)) = χ(x) for all x ∈ R. Define
where V = {t ∈ T : α + βσ(t) + σ −1 (βt) ∈ Soc R}, U 0 = {t ∈ T : T (αt + βσ(t)t) = 0} and U 1 = {t ∈ T : T (αt + βσ(t)t) ∈ Soc S}.
since χ(σ(x)) = χ(x) for all x ∈ R. The character χ u ((α + βσ(t) + σ −1 (βt))·) is trivial on M if and only if α + βσ(t) + σ −1 (βt) annihilates every element of M. Therefore
where V = {t ∈ T : α + βσ(t) + σ −1 (βt) ∈ Soc R}. Since S is local, we have S × = S\S ∩ M and the annihilator ideal of S ∩ M in S is Soc S, from which we deduce
where U 0 = {t ∈ T : T (αt + βσ(t)t) = 0} and U 1 = {t ∈ T : T (αt + βσ(t)t) ∈ Soc S}.
R is a finite local Frobenius ring with Teichmuller set Z 2 and maximal ideal x, y . Each a ∈ R has a unique expression in the form a = a t + a m with a t = a 1 ∈ Z 2 and a m = a y x + a x y + a xy xy. The automorphism group of R has order 2 and is generated by σ : R −→ R : a 1 + a x x + a y y + a xy xy → a 1 + a y x + a x y + a xy xy. It can be checked that the map T : R −→ Z 2 : a 1 + a x x + a y y + a xy xy → a 1 + a x + a y + a xy is a trace map from R onto Z 2 that induces the character χ :
If f : R −→ R is defined as in Lemma 5.5 then f (a) = a 1 (1 + (a x + a y )(x + y)) for each a ∈ R. With the same notation as in the lemma, for any α, β ∈ R, we have U 0 = {t ∈ Z 2 : tT (α + β) = 0} and and that C f,R has the weight enumerator given above.
2
Example 14 Let R = Z 2 [x, y]/ x 2 , y 2 with f defined as in Example 11. Since |K| = 2, from Corollary 13 we deduce that C f is a two-weight code over R of size 128 with homogeneous weight enumerator
+ 14X
8 + 113X 16 .
Example 15 Let R = Z 3 [x, y]/ x 2 , y 2 . Then R has residue field K = GF (3), |R| = 3 4 , |M| = 3 3 and |R × | = 2.3 3 . Let f (x) = σ(x)x − σ(x m )x m for σ(a 1 + a x x + a y y + a xy xy) = a 1 + a y x + a x y + a xy xy. Then from Corollary 13, C f is a three-weight code over R of size 3 8 = 6561 with weight enumerator 
+ 4X

